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In this chapter, we present a status report of black hole-like solutions in non-local theories of gravity in
which the Lagrangians are at least quadratic in curvature and contain specific non-polynomial (i.e., non-local)
operators. In the absence of exact black hole solutions valid in the whole spacetime, most of the literature on
this topic focus on approximate and simplified equations of motion, which could provide insights on the full
non-linear solutions. Therefore, the largest part of this chapter is devoted to the linear approximation. We
present results on stationary metric solutions (including both static and rotating cases) and dynamical space-
times describing the formation of nonrotating mini black holes by the collapse of null shells. Non-local effects
can regularize the curvature singularities in both scenarios, and, in the dynamical case, there exists a mass
gap below which the formation of an apparent horizon can be avoided. In the final part, we discuss interest-
ing attempts toward finding non-linear black hole solutions in non-local gravity. Throughout this chapter,
instead of focusing on a particular non-local model, we present results valid for large classes of theories (to
a feasible extent). This more general approach allows the comparison of similarities and differences of the

various types of non-local gravity models.

REENNAAERERG | T HIE PR ILR, XENeRh I H &2/ DZ2 iRk, H
EERERAE2IE (BHERER) BT, BT HArNMFEEH T 2N SRS R, %I
B MR ETIE LRz, DD e AR MR LR, Hit, AR NA RIS
LM RURTT. BMNNHAESEER (BESFHES e WAEL) MR T2 EsIches: /) #
TRAREhASN B IBTREE R, EIRXMEEEH, (ERERRNAR AT DAENML iR Ey & MESISEE S,
FEAE— D BRFRR, (KT IZRRRN A] DUk RS, fEAREREH Y, BAIETEIRRHRS]
F R FHARRIERIA RS TEEZR, E2ED, BMRANRETE-REERETEY, m2
FERMATIEEN EUEH T RVEEBICRMEE R, XA B — AT 5275 3CAT DS 3RATx L%
AR B R R,



Keywords
Kkl

Black holes - Non-local gravity - Ghost-free gravity - Curvature singularity - Regular solutions - Non-
locality - Infinite derivatives

BT - ARREE 1 - TERE 1) - ihEE A BN - AERIERE - TS S

Introduction
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Einstein’s general relativity (GR) has been the most successful theory to describe classical aspects of grav-
ity so far as many of its predictions have been confirmed to high precision [76]. Despite its great achievements,
there are still unsolved problems suggesting that GR can only be used as an effective field theory of gravita-
tional interaction, which works very well at low energy but breaks down in the ultraviolet (UV) regime. In
fact, at the classical level, GR is plagued by the presence of black hole and cosmological singularities [46],
while at the quantum level, the theory is perturbatively non-renormalizable [1,45] .

% KHTH) XL (GR) BIES N IR S h & PR OB Ie, BREZMEERE &
FEEISIE [76], RUET SHMIEHERER, WA DARMERER, ©RaEEN5 A EERE
Rzmie: BHILTERREDCRBIMNAE, fE5RI (UV) KANRRRY, HL b, ELMER, | XHHN %
RIS T KRR [46); R TR, ZBILEMIN T AR EE [1,45]

A natural way to address these issues is to extend GR by adding higher-curvature terms to the Einstein-
Hilbert action. Remarkably, a theory of gravity quadratic in curvature can be perturbatively renormalizable
in four dimensions [71]. However, this higher-derivative theory turns out to be pathological, because of a
massive spin- 2 ghost-like degree of freedom that causes instabilities and breaks the S -matrix unitarity.

PRI L (AR — A E AR RS, RAEZ KWHE- /R BRHE A B SR, DAHE ) XA
X, ERTERAE, HhiR RS BRIEE P2 A A AT ASCIA Rl SR [71], (HX APk S
HOLC A ERRME: EFE - NERBER 2 KBEHE, I RENE, BOF S EEAEM,

This type of unhealthy degree of freedom can be avoided if the action is non-polynomial in field deriva-
tives. Indeed, by considering quadratic-curvature terms that contain specific infinite-derivative operators, one
can prevent the appearance of extra pathological modes in the physical spectrum, and still have an improved
propagator in the UV, making it possible to formulate theories of gravity that are ghost-free and renormaliz-
able [11, 13, 58, 59, 61, 73]. The presence of non-polynomial differential operators renders the gravitational

action non-local.



MREHREZ SHRERRIFZ AN, Sa OB X EMEFEN E B E, Lhr b, B AEE
REE TCRRI S ECERF I — R B2 I, AT DARH (- Y3t A HER AR A MR AR, RIS TYRETE SROMX RS
HBOHIEREF, M AT RERIE T B AT SR 5 [ BER [11, 13, 58, 59, 61, 73], IEZTXF 5
BRSO EHEEA IR EIE,

In this chapter, we discuss black hole solutions and alternatives in the context of non-local theories of
gravity that are UV modifications of GR. The presentation has the form of a status report on this topic and it
reviews the most relevant results obtained so far, providing the essential details of both conceptual and com-
putational aspects. We emphasize that, owing to the difficulties involved, a rigorous study of exact black hole
solutions in these models is still lacking. Therefore, the results compiled here mainly consist of approximate
solutions valid in certain regimes, which might be useful to understand the behavior of the full non-linear

ones.

REBAHEEAT ENIESIMEIERAE R G I BICHEZR T, NHE MR MAHSCI R, A% PIZ
GUSHT S RERRRTE N BB, Fi TIeS N ISR REZRACR, FIRHR S-S S TR
AIROANTT . BT, SZAHOQ AIEIA By BUAERE AR, H A6 = X X LA R FORs i R T AR
FERERTSE, RIt, ASCREBRRVLER 3 ERIE M THRE KIRAE R, XL R A B TR se
REMERRIITT N

The chapter is organized as follows:
AL LHEANT:

Section "Non-local Theories of Gravity”: Since most of the considerations are carried out in the linear
regime, in this section, we briefly review the linearized formulation of ghost-free non-local theories of gravity

and show several interesting models that have been intensively studied in the literature.

“IERERE LT A TR TS X RIT, AT BA 2 [T R AR RIEE | e
RIE, A EBIRAITFRFE T B,

Section “Stationary Linearized Solutions”: We discuss linearized stationary solutions in two situations,
namely, static and rotating cases. We show that non-locality can regularize both point-like and ringlike sin-
gularities and make several remarks about the physical implications. In what concerns the resolution of
point-like singularities, we show that this regularization can occur at different levels (i.e., potential, curvature

invariants, and curvature-derivative invariants), depending on the type of form factor used.

PRSI 5 BA 0 SRS NAME LR L RS R, TATHE AR /AT DAENH
FURAT AR AT A, FEHP R U 775 T8, R T RUIRATSRIMROR, AT, ERIER]
DAEARFRE S (A%, R AL EMR FEAALR), BABRRT AT IRE 5 B2,

Section "Mini Black Hole Formation by the Collapse of Null Shells”: The dynamical solution of mini
black hole formation by the collapse of null shells is discussed. We consider the cases of thin and thick shells.
In both cases, there exists a mass gap below which the formation of an apparent horizon can be prevented,
while the curvature singularities can also be regularized if the imploding shell has some nonvanishing thick-

ness.



“TIERIE BORRRTA” 5 BANHET PG SOR TR BRIAEIBN %, 335 IRl =5 M
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J&, HhFRAR AT DA E NI,

Section "Toward the Non-linear Regime”: We discuss the difficulties introduced by non-linearities in the
field equations and review an interesting attempt toward understanding the effects of non-locality at the non-
linear level. By working in a simplified situation, it is possible to obtain regular black hole solutions with a
mass gap and with multiple horizons.

GEIAAELMEX” T Tl TNE7 77 RE P AR R AR, ARBHE T— MEAEL M 2 i B X
RN RV BT LA, FERIMEIREE T, RS ZIHA B R 2 horizons HYIEN IR,

Section "Concluding Remarks”: We present our concluding remarks.
CEEET T BNGH ARSI,

Throughout this chapter, we use the mostly plus metric convention, with the Minkowski metric 7, =
diag (—1,+1,+1,+1) . The Riemann curvature tensor is defined by

Haes, WMRASEZENENEMLE, KERERN 9, = diag(-1,+1,+1,+1) . R
K EE N

R,y = 8,T%, — 8,I%, + [EIE, — TEIT (1)

while R, = R% ,, and R = gM"Ry,, are, respectively, the Ricci tensor and the scalar curvature. Also, we

adopt the unit system such thatc =1and 2 =1.

A1 Ry, = R FIR = g7R,, IR A5 3K BAIARIR AR, HEAh, TRTIRFEARLH, W2 ¢ = 1
ﬂ] h =1 o

Non-local Theories of Gravity

514E R ERBLIE

Einstein’s GR is described in terms of a very simple Lagrangian which is linear in curvature. A natural way
of modifying the theory in the UV regime is to generalize the Einstein-Hilbert action through the inclusion of
higher-order curvature invariants which contain higher derivatives. Local higher-derivative theories of gravity
are usually considered pathological because of the ghost-like degrees of freedom that occur in the spectrum,
in the conventional quantum field theory framework. However, as we discuss in this section, ghosts can be

avoided if the principle of locality is given up.



%2 RIHTE) SO 1 F — MR fRT B A AR B H IR, %A B H B Eh R B, FESRSNX
BSOZEILH —R AR R, BTN S &N SR IR B 2 R - /R (R
TERE, EHMBETFZLERT, BN SEG I BEISERE SN ERE, FyHgHS I
RAEBAHE, HIEMBIEARTIHER), G R BT DO % S A H I,

Let us consider the generic action quadratic in curvature:

TATRE PE R R — R

1 1
S=55 d*x\/—g {R +3 [RF, (O)R + R, F, (O) R™

+R/,wpa-rf3 (m)] R,uvpa]} ’ 2)

where x = 1/87G, G is Newton’ s constant and the form factors #; ((]) are nonlocal, i.e., non-polynomial
functions of the d’ Alembertian [] = g’V «Vy - In particular, we assume that 7; (z) are analytic functions
around z = 0, in order to guarantee a smooth and consistent infrared limit. Therefore, expanding them in

Taylor series,

Hrx = 876G, G BRAWHLY, WRET 7 (O) 2RI, BNAMIVRER O = gV, Vv, Kk
Z IR NIRIELLIMKIROLH BTG, BATRHIBIR F; (2) 15 z = 0 N2 ARt i, [t K
BRI NI,

Fi(@D =) fi,O" i=1,23, 3)

n=0

and using the identity (see, e.g., [6, 33])

A ESE (B2 0 (6, 33])

Ry I"RMYP? = 4R, [J"R*” — RC]"R + O (R3) + div, 4)

the action (2) can be rewritten as

TERIE (2) AR
S= 55 [ doxyTg R+ 3 [RE Q)R+ Ry B @R +0 (2 )]}, )
where
Hrp
RO =70 -%0), RO)=%0)+4% 0D, (6)

and we have omitted boundary terms.



BAIELENE 7RI,

Since most part of this chapter is based on the linearized equations of motion, which come from the
second-order metric perturbations around the Minkowski spacetime at action level, we neglect the cubic-
curvature terms O (R?) in (5) (or, in other words, the Riemann-squared term R ;50 %3 (CJ) R“*°° ). Therefore,
in what follows, we analyze the gravitational action:

BT AREARER 2 WA TRz sh 75 R —% 77 R i/ A B2 ) FRIN S R R = B R s &

F—FAT1ZWE (5) Y =IRIh=RIT O (R®) (ebuifis, BIZREFTTIA R,y 00F5 (O) RHOPT ), KL, T
eIy INNCIPAK( ik -+

S=—0 [ dtxy=g {R + % [RE, (DR + Ry (O) R/‘”]}. %)

T e
Linearized Theory

RIEAL R

In the weak gravitational field approximation, we consider linear perturbations around the Minkowski
background,

5951 BT, BA1EEX RE = TRIZMMIL,

uv = N + Kh,uw (8)

and expand the action (7) up to order O (h?)[13,37,61] , namely,

AR (7) JBIFEE O (h2)[13,37,61] B, HI

1 1
SA =2 f d4x{§hwa(|:|) [h* — hGa (1) 8,8,k + he () 8,8, hH”

| 1200 = (@) .
—5he(@Oh + zh’l Talagaﬂavhﬂ } ©)
where
Hof
«@=1+3600 (10)
(@=1-2RO0-35O0 an

and h = n,,h*" is the trace of the field perturbation. From Eq. (9) we can derive the linearized field
equations,



H h = ny b BSWIRNE, B3X (9) Bl TRT DA S tHEME L7 7712,

a (D) (Dh,uv - aaavhz - aaa,uhg) +c (I:D (nuvapaahpa + a,uavh - 77,uv|:|h)

a(0) - c(0)
YO

where the coupling to matter is introduced through the energy-momentum tensor:

0,0,0,0,h°% = —2xT,,, (12)

Hrsld e RN BKESIA T SV S:

;o __ 2 8Sn 285,
uy — \/_—g5g,uv_xahuv'

In Eq. (13) Sy, is the matter action. The energy-momentum tensor satisfies the conservation law 9, T#* =

(13)

0, consistently with the Bianchi identity.

X (13)F S, BYIRER R, RERIIBEKEWRETEE, T =0, SHZREEHER.

Propagator

et r

The propagator around the Minkowski background is computed by inverting the kinetic operator in the
Lagrangian (9). Its gauge-fixing independent part reads [3, 13, 61, 73]

KEKE = FERE FEESRASHE R 9) FRIREE TR ITHESR, EMEILXEE TN
[3,13,61,73]

Bivpo Bived
e (9= 17, () ~ 2007, 1y (a9
where
sop
3¢(=k?) — a (=K
L(=k*) =a(-k?), fo(-k*) = ( )2 a( ), (15)

and P,fﬁ’,f’; %) are the Barnes-Rivers operators that project the metric fluctuation h,,, along its gauge-independent

spin- 2 and spin-0 components [10, 69, 75] .

| 1153;?; S) = Barnes-Rivers 7, T REHBTE hy, B EIHMTETCRHT B E 2 70 B EBE 0 70
&= [10,69,75] L.



In general, if the functions f;, (—k?) are polynomials (or, equivalently, if the form factors F; ((J) are
polynomials), the propagator (14) possesses, besides the massless graviton, extra massive degrees of freedom
that can cause instabilities. This happens because some of these modes are associated with real poles with
negative residue, i.e., they are unhealthy ghosts.

—RME, HEE f, (k%) B20K, HENTHRET F Q) 22006, BAERET (14) R
JRES | FANEAAERS MR R B HE, XTI AREN, XS A AR B 1 IO
B BON SR s, bR IR R .

However, in the framework of non-local models, it is possible to construct classes of ghost-free theories
by imposing some requirements on the form factors. Indeed, if

EAEAR R IHEZR T, BATTA] POEIE X AR 7 FEANHR & 2 A R A iE T BRI R 728, SEhr E,

=

f:g (_kz) = eys(_kz)’ S = 0, 2, (16)

where y, (—k?) and y, (—k?) are the entire functions, the propagator only has the pole at k* = 0 (cor-
responding to the graviton) and no ghost-like degree of freedom. It is worth mentioning that, given the sign
difference between the spin-2 and spin-0 parts of the propagator (14), it is possible to introduce an additional
healthy massive scalar in the theory, which has important applications in cosmology [12, 13, 53,55 — 57] .

H y, (—K2) Fl yo (—k?) BEERHL, BB TOUE K2 = 0 eAFERRS RIS F), RIFERKHE
&, EF—1RME, HTERET (14) WEFE 2 25 BHE 0 MO FENSZE, BT AEEIEH 5]
A= NN RE RErEY, XEFHAPEEENH [12,13,53,55 - 57]

From Eq. (16) we can also obtain the corresponding relations for the form factors:

X (16) FATTIE AT DA 2L IR T R BRI B DR R

er2@) — 1 1 [ero@ —1
FO= 2?, RO = 3|l

Let us emphasize that the key role is played by the functions y, and y, , which are entire; thus, the expo-

+EK]- (17)

nentials do not introduce any unhealthy pole. Therefore, non-locality can help to resolve the ghost problem
in higher-derivative gravity by means of the introduction of non-polynomial (infinite-derivative) differential

operators in the action.

TEGARIZE, 7, My MEVBEREGES T RMEM, RSB RS IAEFAHEEN A, Hit
AP0, SRR AT POEIS AR E B P S I AJEZ T CEIR S R0 R J 1, FIREN S8E 1+
P A

Finally, some simplifications can be achieved for the particular case in which y, = y, = y . In this
situation, the following condition holds true:

B, HWE y, =y = y FIFFRIGOIN A DUS 2 — ik, B RRRR AL

10



1 1—er@
LO)=fO)=>HO)=-—5H0D= 0 (18)
Then, the non-local gravity action corresponding to the choice (18) is given by
2, MRLERE (18) BARREE I HEH 2N
1 ey([:l) -1 .
S = ﬁ d4X\/—_g [R + G’uv TR'M 5 (19)

1 . o
where G, = Ry — 5 8.wR is the Einstein tensor.

HH Gy, = Ry — 28,0k REFNHIE,

Examples of Form Factors

2N R AN ]

Here we review some explicit choices for the entire functions y; ((]) that have been intensively studied

in the literature.
TE M BAT TR SRR A E IR AT L EE R R v, (1) PURARRIE RS

1. Gaussian form factor. This is the simplest possible choice, corresponding to the entire functions

¥s (—k?) that are monomials of degree one [11,13,61] :

L =HTEIRE o X2 BRI, XN — BRI R R 2L g (—K2) [11,13,61]

k2
¥s(—k?) = =, s =2,0, (20)
Ms

where u, represents the physical energy scale at which non-local effects are expected to become impor-

tant.
HAp ug FoRIFRHRRAN AT 221G & RV B RE B AR,

2. Generic exponential form factor. One can generalize the previous example to a generic monomial of
degree n > 1[24,34,37,58,68] :

2. ERTERIIREA 7o BATAT BORE L —NBIT-HE MIRECA n > 1[24,34,37, 58, 68] B — i IR

k2\"
¥s (k%) = (l?> , §=2,0. (21)

S
The particular case n = 2 is sometimes referred to as the Krasnikov form factor, as it was applied for the
first time in gravity in Ref. [58].

11



M n =2 BURFEER, KRR T E SRRy e i BRI IR 7, RN BB RSN AT 5 R
EALESCHA [58] s

3. Kuz’'min and Tomboulis form factors. This family of form factors was initially studied in Refs. [59,73]
and more recently in Ref. [61] and subsequent works. A general form factor of this type can be written as

3. ELGRAREAR MR 7o X — R ARE - BRAWIAE SR [59,73] FRHITHE, 4R XAESCHR [61]
MNIGSETAERHEITIE, XEBIRE 71 —BIE AT AE N

Vs (=k?) = A4 [T (0, B (k%)) + y& + In (B (=k?))], s = 2,0, (22)

where A is a positive constant, y denotes the Euler-Mascheroni constant, I' (0, z) is the incomplete
gamma function, and B (z) is a real polynomial such that y, (0) = 0. The Kuz’ min form factor [59] consists
in the choice B, (z) = —z/u? with an arbitrary 1, € N, while the Tomboulis form factor [73] is characterized
by Ay = 1/2 and E, (z) of arbitrary (but even) degree N; > 2.

Hr A, NIERIE R, v RERD-SET R HEL, T(0,2) B RE2INSHEE, B (2) ZH/E 7 (0)=0
L2, FEZLIATCIRIR T [59] BL B (2) = —z/u2 , A, € NALE, MBAFSTIRE T [73] 2
As=1/2, HPR @) NMEEBRZIAN, > 2,

Despite their more complicated expressions (in comparison to the previous ones), they are useful to for-
mulate super-renormalizable non-local theories of gravity because, for large momentum, they behave like a
polynomial. In fact (22) yields

REMBCHIARE T, ENRRIARES 2%, (HXRE T 7] F TS al R RS
HRSIDHEIE, FNENERSIE FRATAMZ I 2, Lhr kA (22) Al

e]’s(—kz) ~ kmst (23)

k2—>o0

where N is the degree of the polynomial R, (z) .

He N, 22T B (2) BIIREL

Stationary Linearized Solutions

AL

Most of the solutions in non-local gravity were obtained in the linear approximation. In this section, we
describe two types of such solutions, namely, the Newtonian-limit solution and the weak-field slowly rotating

stationary solution. To this end, let us consider a generic metric with line element

TERIFERS 11 R HTR B R AELRMEE B NS RIR, FEATTH, TR 4R IR MAT, Rl
AR IR AN S R e F SR ik, FA1E EEA LNty —R AL

12



& = —(1+2¢)d? + 2k - d7F dt + (1 — 29) (do? + dy? + dz?), (24)

where ¥ = (x, y, z) is the radius vector and ¢ = —xhy/2,% = —xh;;/2 and h; = xhy; are the potentials

sourced by T, .
Ho 7 = (x,y,2) BRIZAIKRE, ¢ = —xheo/2,% = —xhy/2 F h; = xhy; B H Ty, FER,

In the nonrelativistic limit, the source is pressureless, T = n#°T,,, ~ =T, , and its only nonvanishing
components are Tyo and, possibly, Ty; . The latter is zero for static point-like sources (so that in this case, h; = 0

) and it is nonzero for a rotating dust.

FEARHAISRIR T, IRRTCERI T = 9T, ~ —Too , EERIEZDEN Ty, EAHREES T,
o NTHERKE, FENF (RBEXMENLT b =0), TN TR, EiEE,

The metric potentials ¢ and ¢ can be obtained from the 00-component and the trace of the linearized

field equations (12), which are equivalent to the set of coupled differential equations:

JERLSS @ F1 o ATDAMEREE TR (12) B9 00 70 EANESE], —FHEN T FRMEM D 77!

[a(A) —c(A)] Ap + 2¢(A) Ap = x* Ty, (25a)
[3¢(A) — a(A)][2A9 — AY] = x> Ty, (25b)
a(A) Ah; = —2x*Ty;, (25¢)

where the functions a and ¢ now depend on the spatial Laplacian A , as [] ~ A for stationary fields (In
the case of Tp; # 0, the de Donder gauge d,h*” = 0 is assumed, or a suitable higher-order generalization
compatible with the metric (24) (see, e.g., [4,18,23,72] ).). Notice that fora = c =1 (i.e., F; = F, = 0) the

system (25) reduces to standard Poisson equations, consistently recovering Einstein’s GR result.

H A% a Fl e BIAEME TS [EPSPITEAT A, XBESTN O~ A (FE Ty; # 0 TER T, {Eﬁ
TETEARRITE 6, h° = 0, BURSEM 4) HAENEERENET, SWHEIW [4,18,23,72]), TER,
MNFa=c=1E1F, =F, =0), /EH Q5) BANREARTTE, —FCidEHZ RGEET A
B RIEE R,

The first two equations in (25) can be decoupled by using the auxiliary potentials [40]:

(25) FHHIRTI NIRRT DA 5 | AFHBI A IEAE [40]:

=%+t
X2 = 5

In fact, the field equations (25) are equivalent to

L4 and y, =2¢¥ —o. (26)

HELE, HIRE 5 FMT

13



2
L @AY, = ST, @7)

£ () Ak = =212 Ty, (28)

where s = 0,2 and the functions f; were defined in Eq. (15). Once the above equations are solved for

Xo,2 » the original potentials are obtained through the relations:

Hrp s = 0,2 MIREL f; EAER 15) FEX. ERTTEMRH o, /&, HUAT OB PUR KRR GEHES:

Q= g)(z - %XO’ b= %)& + %Xo- (29)

The functions y; are called spin- s potentials because they only depend on the spin-s part of the field.

In fact, each y only depends on f; (A) , which in turn is related to the gauge-invariant spin- s part of the
propagator (14). Also, notice that for the particular case described in (18), we have a = ¢ = f, = f; and all

the Newtonian potentials are equal, namely,

BRI s RN EE- s 35, BIOMEMURIBT I B e s M7, Khr b, B0 ¢ URHT £ (), T
fs () XHERET (14) FIMTEAZE B E- s GRS, HANER, XT (18) Hitiid iRk B oL, Al
Ha=c=f,=f,, HIFrEFIEAMHESE, A

P=9=22=Xo (30)

In what concerns the off-diagonal components h; of the metric, as Eq. (28) only depends on f, , they

are not affected by F; in the linear regime. This is due to the fact that the form factor F; modifies only the
scalar part of the propagator, which couples to the trace of the energy-momentum tensor. Thus, since the
components Ty; do not enter in the trace g** T, , they cannot act as sources for h; at this order in perturbation.

KT ERMBAER & by, BT 8) (URET f,, BNHESIEX A3 Fy @200, 1XZ2ENBIRE
F F UERER TR, MRS5S RERSIRIKBITHEE. Fit, BT0&8 T, RHA
iz g Ty, , EATTTIAAEREERIX AN _EBCH by BT,

In what follows, we show some general results on the solutions for the Newtonian potentials y; , and we

postpone the consideration of the off-diagonal components #; to section ”Resolution of Ringlike Singularities.”

RS, BARHAE p, PR —E—REER, TREAEN A& by FITHEHERE] “RINa R
HR" —5,

Solution for the Potentials in Terms of Effective Delta Sources

R & BRI %

It is possible to solve Eq. (27) directly using the Fourier transform method, or the Laplace transform (see
section "Heat Kernel Solution for the Newtonian Potentials” below), but in some cases, it is instructive to

consider an intermediate step, which we describe here (see also, e.g., [27,41]).
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FATTAT DLE R F {5 B AR PR By B BT AR X (27)(B RS A iRV —9), (=
Rk, - DHRS RS EAB TR, BRI Gl 2 W0k [27,41]),

An alternative interpretation of Eq. (27) follows from the inversion of the operator f; (A), so that one

obtains a standard Poisson equation with a modified source:

AR (27) B9 5 —REIR BN BT £ (A) R, FIEIRATA] DUS 2 & IR IRAIPRIETRRA 7T R

Ay, = 4nGpy. (31)

Accordingly, the effective source py satisfies

Rk, ARR oy L

p = fs(A)ps, (32)

where p = T is the mass density.
/E\:EP P = TOO ﬁﬁ%%go

For a point-like source with mass m, p (F) = m&® (¥) and the effective delta source can be obtained via

the Fourier transform method applied to Eq. (32). The result is

HFRRA m, p (7) = ms® (7) B0, FRATATLAN 2 (32) RO Aok B EIE 2 6 I, 4HE
H

o m ® k sin (kr)
Ps(")—z—ﬂ Odkm, (33)

where r = || .
Hrfr=|r,
The solution of Eq. (31) for the potential y, with the effective delta source (33) then reads

RANER SR (33) &, B xs WA (31) RN

0=6[ a8 (4)

where my (r) is the effective mass function:

Hrp mg (r) BERUTEE L

mg (r) = 47r/ dxx?p, (x). (35)
0
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The formulation of the Newtonian limit of higher-derivative gravity models in terms of the effective delta
source (33) has been fruitfully applied to local and non-local models (see, e.g., [27,41,42,74]). The main ad-
vantage of the method is the possibility of deriving general results about the regularity of the potentials that
depend only on the behavior of the form factor in the UV regime, as we discuss in section "Resolution of

Point-Like Singularities”.

XAHARL S IR (33) RiIR R s | B AR IR 75 %, C2M SN T REFIAE R (fian
S ISR [27,41,42,74])0 ZTTTER EZMBLET, BATA] PAOURBTAR A FESRINXIHIAT N, #H
SHXTHENERDERSEE, BITRAE “RIEaTmAIHERT — RIS,

Heat Kernel Solution for the Newtonian Potentials

RS R

In the previous subsection, we showed how the solution for the potential y, can be obtained in the ef-
fective source formalism. Here, we present another integral solution for the potential, using the heat kernel
approach based on the Laplace transform, as carried out in [35, 38]. This solution is particularly useful in the
context of section "Mini Black Hole Formation by the Collapse of Null Shells,” when dealing with the dynamic
process of mini black hole formation.

fE E—/INridh, BT TR RURIE SRR PSR x BIMR. ASCRATT ISR [35, 38] FY L
78, BETHENTERARMETTE, HGHZEES MR, ZRECE “T7ET SOk IR
AR AT AR IR SRR Eh T RN JE O S

Introducing Green’s function for (27) via

BATEL AR5 N (27) 5IAFEPRER£X

L (D) AG (%,X) =86 (X - X), (36)

the integral solution for the potential is given by

BRI RN

% (%) = 476 f Ex'G, (2 7)p (). (37)

Let us now assume that the inverse of the differential operator in (36) can be written as the Laplace
transform of a function hy (s") , that is,

BAEBAT MR (36) AR EAFHIS R DL BRI 2K by (s7) BN R e, BT

o

_;= ’ " —s'&
A fodshs(s)e . (38)

Then, the x -representation of Green’ s function reduces to
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I, AR x oAl RN

Gy (%, ¥) = f ds'h (') (X]es"2] %), (39)
0
where
Hrp
e
- - - e as
(Fe|¥) = K (1% - F]s5) = (40)
(47s)2

is the heat kernel of the Laplacian.

P AL E VA KRR NERY

For a point-like source p (X) = m&® (X) , the formula (37) simplifies to

HF R p (%) = ms® (%), Ak (37) AR N

xs(r) = 47erf ds'hg (s")K(r;s'), s=0,2, (41)
0

where r = |>?| . Explicit calculations using this method can be found in [15, 35,37 , 38,40,49] and in

section "Example: Gaussian Form Factor™.

Hebr = 7] . SO7IERYELRHHEIRT 2 TSCR [15, 35, 37, 38, 40, 49] DU /Ml AR T &
,

Resolution of Point-Like Singularities

ISR INSERVIN) AP

The resolution of the Newtonian point-like singularity in non-local gravity models has been studied by
several authors [2,13 — 15,20 — 22,25 — 28, 32, 34,37,41,47,48 , 50, 61, 62, 74] . In most of the publications, a
specific form factor was chosen and then the potentials (and, sometimes, also some curvature invariants) were
evaluated, either analytically or numerically. Since there is an infinite amount of non-local form factors and
of curvature invariants, it is impossible to proceed the investigation one by one. This issue was solved in [27],
by using the effective source formalism (see section ”Solution for the Potentials in Terms of Effective Delta
Sources”) and presenting necessary and sufficient conditions that a form factor must satisfy for the Newtonian
limit to be regular - as defined in terms of gravitational potential, curvature, or curvature-derivative invariants.
(We use the term curvature-derivative invariant to a generic scalar which is polynomial on curvature tensors

and their covariant derivatives.)
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BB ZAMEH [2,13 - 15,20 — 22,25 — 28,32,34,37,41,47,48 . 50,61, 62, 74] WS E RS | /15
FRAITRUIR AT RMRR AL, fERZ 5T, WIRE RCIE — MREEIRA ¥, FHE T eidl
ETIERSE ANIER TR SR AER), BTIREEHRE TR 85 H 55 2 M,
AATRERE — T IT I, SCHR [27] R T IX — AR XA AARIRERIE (S RET AR S iR
REVBRIE ), gath T AR IURRR IE AN T IR R - 55 2 e Y e A A —IE N PR @il 51 3
R R SRR BT S, (FRATTRR 35Kk B N H 028 5 250 22 T 0@ AR ARy iR S 2
TE, )
Regarding the regularity of the potentials, if the function f; (—kz) grows at least as fast as k? for large
k , the smearing of the original delta source through (33) is enough to yield a potential y, (r) that is finite
atr = 0 [41]. This happens even in the case of f; (—kz) ~ k? , for which the effective delta source p; (r) is
unbounded (see [27,28]). In most cases, however, the effective delta source is also bounded; in fact, p, (r) is
finite if f; (—kz) ~ k* or faster [41]. If both y, and y, are regular, so are the potentials ¢ and 9 [see Eq. (29)].
In this spirit, one might say that the improved UV behavior of the propagator (14) regularizes the Newtonian
singularity of the potentials. We stress that the resolution of this divergence is not owing to the non-locality
of the theory; on the contrary, it was first noticed in the local fourth-derivative gravity [71] and later in other

more general local higher-derivative models [39, 40, 64] .

KTBHIENE, HeRE f (k%) FER k KBS IR MET k2, B2 8 TriEid (33) HIRA
RUAGEI—NE r = 0 AR x; (r) [41]e BIEEX T £ (—k2) ~ k2, HERH RS I o (r) L5
HUEL, X —EHEAas (B0 [27,28]), HIERZEUIGILT, AR08 IRAGHRA AT Lhr L5
fi (k%) ~ k* BUE KRN, o, (r) BUZ AR [41] 5 xo T xp BIEN, ARAHE o F1 ¢ HIEN [Z
WK (29)] HIEEATBAG, £+ (14) B0 ERISIMTONIENNE TR AR R BATZ R, X
MU IR OO ARR T EICRIRRIFR L IBtat R, BB IER BN LG g B [71],
JE RS AR HAMEE — A 5 B b S AU [39, 40, 64] FHHI 1L,

Itis possible to achieve an increasing degree of regularity by including more derivatives and non-localities
in the action. This can be better formulated in terms of the following definition.

FATAT LIS 7E 7 A B A I B 22 SRR R IR RS S AR A IE I, 30X — sm] Bhsid ik
E SCHE T M 1R A

Definition 1 (Order of regularity of a potential [27]). If there exists a p € N such that y, (r) is at least 2p
-times continuously differentiable, )(§2p ) (r) is bounded and ;(§2"+” (0)=0foralln €{0,...,p—1}, then pis
called the order of regularity of x, (r) (equivalently, it is said that y; (r) is p -regular).

X ACARIENER [27]): B LE p € NAEE x, (1) BN 2p WELEAT 4, BXFTE n e {0, ..., p—1}
R AP () BRE AV 0) =0, WFR p I x, (r) IERIMER (SE0H, B x, () 2 p ENIED),

With this definition, as the next theorem shows, the considerations about the usual regularity of the
potential can be extended to the regularity of the curvature invariants associated with the static (i.e., with
h; = 0) metric (24).

HRIEIX—E X, T —EHIUR, KTHEHENERNE, DU 2 58S e =0) &
ML (24) AHSRHI IR AR R AIENME B,
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Theorem 1 (Regularity of linearized curvature-derivative invariants [27]). Let the form factors be such
that f; (—k?) asymptotically grows at least as fast as k**2Ns for an integer Ny > 0 and let N = min {Ny, N}
. Under these conditions, the potential y, (r) is at least (N; + 1) -regular and all the linearized curvature-
derivative invariants (that is, curvature-derivative invariants calculated with the metric (24), with h; = 0, to

the leading order in the metric perturbation) with at most 2N covariant derivatives are bounded.

TEFR 1SR FECA B RV ENIE [27]), RIEIREFIHE: NEEEB N, > 0, f; (—k?) BN
KHEERDRNETF k4+2Ns | HIHE N = min{N,, Ny} o FEREAT, B x4 () 208 (N, + 1) IEN
1, HFrE &AL 2N MIESELREN R ST & BIERERL 24). 1E b = 0 504 1.
X FERAHRERITSL N T RS B R S ECA &) #R A R,

Corollary 1. If f, (—k?) and f, (—k?) grow faster than any polynomial, then the potentials y, , (r) are
even analytic functions of r and all the curvature invariants with an arbitrary number of covariant derivatives

are regular.

WIS 1 25 £, (—Kk2) F fo (—k2) BOSIKOBE  FAEREZ IR, T3 o, () BT r (OMATIERL, H
FA S R IS S A AR R,

The proof of the theorem can be found in [27], where the regularity properties of the potential y,; were

deduced from some basic features of f; (—kz) translated into the effective delta source (33).

e BRTUERA FT 2 SR [27], HA3S y BIIEMIPE BTN AR 8 17 (33) 1Y f (—k2) BUEEA
JRHERS

If the potentials y, , are only O-regular (like in the case of the Kuz’min or Tomboulis form factors (22) that
asymptotically tend to k? ), then the metric still has curvature singularities. On the other hand, if the potentials
are only 1-regular, all the curvature invariants without covariant derivatives (such as R and R MvaﬁR"”“[” ) are
regular, but there are scalars with two covariant derivatives that diverge, such as [JR - this is the case, e.g., of
the form factors (22) that tend to k* .

B 0 PO 0 IEM (BIANENEHEIE T k> B9 PE LA BB AR IR A+ (22) BUTR0D), WIERUfE
TEMRET Ko 59—, HHOON 1 IEN, AR EiE SRR EE 0 R R yqgRA )
AGZEENR, HEMESBEIFRREIIAR, Blal OR —IET k* FIRE ¥ (22) B2 i
‘%EIRO

Hence, besides characterizing the models that have a regular Newtonian limit, the theorem also shows
that the regularity of curvature invariants at r = 0 depends on the absence of odd powers of r in the Taylor
expansion of the potentials y; (r) . The higher the first odd-order term is, the larger the set of regular scalars
is. A simple example is provided by the family of scalars [[]*R (for an arbitrary n ), which in the Newtonian

limit reads

Rt BR T ZIEEA EN AR R AR, e HIER, r = 0 AR A2 BRI MRS T 25
Xs () BIZEERIT AR ANFAE r (UATRR. B D AHRIIIBT RS, IENPRBAE SRR, ik
O"R GHER n) B2 —MESRG T, EEFTRR N5
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(2n+2) 2(n+1) n+)
+———x |

(O"R)y, = 20"y = 2| x0 (42)

For the above scalar to be regular, it suffices that the potential y, (r) be (n + 1) - regular - in other words,
that y, (r)is (2n + 2) -times continuously differentiable and the limit hm )((znﬂ) (r) /r exists [27]. If the former
condition is verified, but the latter is not, then (C]"R) ;, has a smgularlty atr = 0. Only if the form factor
grows faster than any polynomial [such as (21)], all the local curvature-derivative invariants are regular.

T ERFRRIEN, (GRS 1o () (n+ 1) EM— 52, TR yo (r) 12 (2n + 2) UOELLATREY,
H&@hmf”mUWMﬁﬁm]%ﬁﬁﬁ%#ﬁ%@@TﬁEE%,MQTMMTV=Oka
. PR TR K TR TG (0 (21) B, FrE R A SRR oA R EI,

Finally, we remark that Theorem 1 does not distinguish between local and non-local higher-derivative
models, as it only depends on the function f; (—kz) . Therefore, the regularization of the Newtonian limit
can be achieved in both types of theories, and it is not a consequence of the absence/presence of ghosts or
non-localities [41]. Nevertheless, the oo -order regularity can only be achieved in non-local models, but not in
all of them, namely, only in the ones with form factors that grow faster than any polynomial [e.g., (21)]; in this
case, the effective delta source (33) and the associated Newtonian potential y, (r) are even analytic functions
of r [27].

&JE, BAHEHER 1 AX 2 RESIERE SN SEER, KoVe UL f (-k?) . K, +

AR B ) LR U AT PR R BRG F Sl IXFF AR SRR S S el AR RS R ASE R [41], REWIH,

oo B IENIME R BETEAR R BB A A SCEl, B HFARATA R R SR A LA e — (S B A A O T IR R 7 1

KRTEEZ AN A B [(FlaX 21)]; EXMEN T, GRS I (33) AR M HIAFGE x, (r)
208 r WFENTEREL [27],

Example 1: Gaussian Form Factor

Bl 1: IR 7

As an explicit example, let us consider the form factor (20) with f, (=k?) = f, (—k?) = exp (k?/u?) .
Equation (30) is valid in this case, and the potentials can be obtained through the methods described in the

previous sections; the solution reads [11, 13, 61, 70, 74]

TER— ARG, BATHFERIE f (k%) = fo(=k?) = exp (k*/u?) FIFZIRIE T (20), IXFPIEHL R
T2 (30) Az, PEN RTHE AN IEERIES, N (11,13, 61,70, 74]

p()=-2erf(E), (43)

where erf (x) is the error function. As expected from the above considerations, the gravitational potential
in Eq. (43) is non-singular at r = 0 and tends to the finite constant value ¢ (0) = Gm,u/ﬁ , Whereas in the

large-distance limit (ri > 1), the 1/r behavior of the Newtonian potential is recovered (see Fig. 1).
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Hrperf (x) BIRZERE, EW LIRS HEAR, X @43) PRSI IRTE r = 0 0Fw R, B THR
W 0 (0) = Gmu/\[m ; TFEZEEERIR (ru > 1) R, RENFWHEE 1/r 170 (S WHE 1),

Moreover, since the functions fj , (—kz) grow faster than any polynomial, all the linearized curvature
invariants (even those constructed with covariant derivatives of the curvatures) are bounded. For instance,

we can compute the linearized Kretschmann invariant [20],

AN, BT REEL fo, (—k2) B EAEM 22 IERER L, ARt R A & (B f 2R 2 S8
IR BRI A S, Bilan, BATA] DA ELME R e E & 8 2 & [20],

22

G*m? wr? ur ’
(R/%"’“B)nn = e 2 {5/,167'6 + 4[6;” + 13 —6\me = erf(;)] },

37r6

(44)

0.0

-0.2

— R

—— Nonlocal gravity

-0.8

-1.0

Fig. 1 Behavior of the metric potential ¢ (r) for the non-local gravity model in Eq. (43) (red line) and GR
(blue line). For convenience, we havesety =G =m =1

Bl 1 3K (43) HARRIEE R (L14k) M SUHEANE (L) IR o (r) AT, ATTERNI, K
M&u=G6G=m=1

and explicitly verify that it is non-singular. Indeed,

FARRIEERAFT R, FL L,
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5G2 mzluﬁ
11_{% (Rﬁ”’“ﬁ)nn - 3r 45)
while in the large-distance limit, it consistently recovers the GR expression
MBI ERR T, E—BRE 7T AN IERRIER
48G*m?
2
(Ruvaﬁ )hn YT (46)

From a physical point of view, the regularization that we have just showed can be interpreted as if the
non-local form factor smears out the point-like source at r = 0 on a spatial region of size ~ 1/u . In addition,
in [20,21], it was shown that the above regular metric becomes conformally flat in the limit » — 0, as the
Weyl tensor vanishes at the origin; more generally, this happens provided that the potential y, (r) is at least
1-regular [40].

MYIFEfEE, BAINIA R A IER (] DR IR IR FRALT r = 0 BYRIRIREEIR
N~ 1 BSR4, SRR [20,21] FEREH, TERRRR r — 0 T _EIREN R N HEF
H, FOIMRIKBERANE,; B, HES y, () 2% 1-ENR, s BINXPN4EEER [40]

Similar qualitative results hold for the form factors in Eq. (21), which also grow faster than any polyno-
mial. See, e.g., [14, 15, 34, 37] for other explicit examples of this type.

X (21) TR A F RIS RIR B E SR, XETARA T RS FIRE LU 2 ik, XRH
ft BB R] 2= WLBIA0 STk [14, 15, 34, 37,

Example 2: Kuz’min Form Factor

Bl 2: PEZZWIEARA¥

Since the previous example dealt with a form factor that grows faster than any polynomial, here we
discuss the case (presented in [27]) of a form factor that behaves like a polynomial in UV regime. To this end,

let us consider the Kuz’min form factor (22) [59], for which

BT E—REIHERZ I KR R TERZXAEIRE F, A SCBAITRAITIE Ok [27] it
) RSN R I Z TETEBTEIRE 7. i, BAIHEEEIIRE T (22)[59], e

(k) = 2,y + T (0,K%/12) + In ()], @)

where g is a mass parameter and A4, € N . For large momentum, it satisfies

Hrbps AESE, A, eN. BEKRSIE NlE

As

f(—kz) ~ elsVE k_2 (48)
§ k2-00 /,{2

S
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thus f; (—k?) ~ k?*s for k large enough. From the aforementioned results relating the UV behavior of the
form factor and the order of regularity of the Newtonian potentials [27], it follows that, if 4, = 1, the effective
delta source is still singular and the associated potential is only O-regular. On the other hand, the effective
delta source is bounded for A, > 2, and the potential y; (r) is (4; — 1) -regular.

RIEY k RIERINTITG £ (—k2) ~ k% o HR4E RIRTEIRIR 45T 9 5 A0 L T R 7 250 DIk
R (27], WIDMEH:H Ay =1, ARS FENET R, MMEIELOY 0 BriEml, H—77m, 4 A > 2
I, ARSEAR, B x )N @, —1) FriEm,
These features can be viewed in Fig. 2, which displays the numerical evaluation of x, (), x5 (r), )(§3) (r)
, and ;(§5> (r) for the parameter A, € {1,2,3,4} . Notice that the potential is finite for A, = 1, but its first
derivative does not vanish at r = 0, indicating the singularity of the source (and of the curvature invariants).
On the other hand, for 1; > 2 the corresponding potential is at least (13 — 1) -regular, as discussed above.

More precisely, we see that ;(§“S‘1) (0) # 0, showing that the potential is not A, -regular.

XEEHERTSIE 2, EPAE TS € {1,2,3,4) F 1), x, (0, 2 ) 1 12 (r) it
S5, AT Ay = 1 IEAETR, (BE—M SHAE r = 0 AORNSSE, VAR (LU f 3R AE i) (5 5R 7 5
24 A > 216, KERIASSANRG AT N (4 — 1) MHIER, BRI, RAVEE 470 0) # 0
, VAR A, A IEN,

Similar results also hold for the form factors considered by Tomboulis [73] and Modesto [61], which
behave like polynomials in the UV. See [41] for another example.

AR [73] FISEAERTIT [61] RN Z TR AR A 158 TR PIEER, B—Rf=
DLSZHR [41],

Resolution of Ringlike Singularities

7 RINSERVIN) PR

The previous discussion was focused on static solutions; here we return to the more general metric in the
form (24) with nontrivial h; and show that non-locality is also able to regularize rotating ringlike singulari-
ties. We follow the presentation of [23] and only consider the particular choice of form factor (20) such that

fo(=k?) = fo(—k?) = exp (k?/u?), like in the example of section "Example 1: Gaussian Form Factor.”

ZHTHIIe S PR eSS FEIBRAEEIE RN (24), hy A LAY E — R R, UEBRAEE ISt ] PA
IENHEBEFIIRAT o BATTI ISR [23] AUR, (5 EIZIRA T (20) T2 fo (—k%) = fo(—K?) =
exp (k2/u?) BIRFEIESE, R “BI 1: SETRIREF" N EIBF—.

In GR, the Kerr metric is plagued by a ring singularity that in Boyer-Lindquist coordinates is described by
the equation r? + a®cos?9 = 0 or, in Cartesian coordinates, by z = 0 and x> +y? = a? , where a can be thought
of as the radius of the ring. We can mimic such a ring distribution by modeling the energy-momentum tensor

as a Dirac delta distributed on a ring of radius a rotating with constant angular velocity w [23]:
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T SRR, Se/RERFEIMRAT R, TR AR IZ AT S 2 TT 12 r2 + a®cos®8 = 0
, TEHF/RBFRAIE z = 0F1 X2 +y? = o, HA a AJHUNIRHIH12, FATAT OB R RE R 3 & 5K
BEBONDREREN o, DIEEAEE o FEERIPA ERIKAITE 8 BREL, SRAEUZAEA 7 [23]:

8@ (x* + y* — a?)
Too = mé (2) p » Toi = Toob, (49)
0.30
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= 045
e
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-0.02} 0.02
— —
A LS
= -004f =
D —_— oL 001
< <
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Fig. 2 Numerical evaluation of y, (r) and its first odd-order derivatives for the Kuz’ min form factor with
Ay €{1,2,3,4}in (47); we haveset m = G = u;, = 1

&l 2 (47) X EZLIHTEIRA T A5 € {1,2,3,4F X xg () KE—Fra R SBEIETE; {12
Bm=G=pu,=1

where v; is the tangential velocity and its magnitude satisfies the relation v = wa . By taking the z -
axis as the direction of the angular-velocity vector, we can write v, = —yw, Ly = XWw, and v, = 0. Note
that, in the limit a — 0, we consistently recover the expression of the point-like source because v; — 0 and
8@ (X2 +y’— a?) > @ (X2 +y?) =76 (x)5 ().
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Hrp o, BYIFIEE, HANBERR 0 = wa. Bz HOAMEE KRG, ROTTUSH v, =
—yw, v, = xw fl v, = 0, W, Ea— OB T, RATAT BB AIRNIRER, FHv; - 0
H 6@ (x2+y*— a?) —» 6@ (x2 +y2) = 18 (x) 5 (y).

In this configuration, the off-diagonal elements of the metric (24) are nonvanishing, and the set of non-
local differential equations (25) reduces to

A, AL (24) BAEX TR, B TR (25) AT

MK A (F) = =M Ay (F) = 4Gmé (z) 6@ (x? + y* — a?),
e Ay, (F) = —16Gmwys (z) 8@ (32 + y* — a?), (50)

e 2K Ay, (F) = 16Gmwxd (z) 8@ (x* + y* — a?).

We can use the Fourier transform method to solve the modified Poisson equations. It turns out to be
useful to work in cylindrical coordinates, i.e., x = pcosg ,y = psing,z = z . The Fourier transform of the

energy-momentum tensor components read [23]

AT DU R e R B IE TR T R, TEREMR N ESE G, Bl x = pcosp, y =
psing,z =z, BERFEKETEMIEEMNHN [23]

T[6(2) 6@ (x* + y* — a?)] = 7, (ia« k2 + kf,) (51)
T [x6(2) 8@ (x2 +y? — a?)] = 7za\/k—x711 (ia\ [ k% + kﬁ), (52)
k% + k3

T [y5(2)6(x* +y* —a?)] = ﬂaLII (ia\ [ k% + kf,) (53)

\ k2 + K3

where J [---] stands for the Fourier transform operation and I, and I; are the modified Bessel functions
of the first kind.

Hrp g [ ] RERAE R HIRAE, 1, A1 1 25— RBIE DU /R R K,

For simplicity, let us analyze the behavior of the solution in the xy-plane (i.e. z = 0 ), where we expect
the singularity to appear in GR, and work with the cylindrical radial coordinate p = 4/x2 + y2 . Therefore, by

transforming back to coordinate space, the metric potentials are given by [23]

N, BATREFE xy P (B z = 0) NRREIAT N, |- SO e & Rt HBIAEIX B, 3R
TIRFAERIAIAEAR o = /x2 + y2 o BRI, @B A EI bR R, BEMEAH T4 H [23]

0(0) = ¥ () = —Gm f aty Gad) o @pyerte( ). (s4)
0
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hox (x,) = 4Gmea H (p), hoy (x,3) = ~4Gmea H (p), (55)

where erfc (z) is the complementary error function and

Hrerfc (z) BRIRERE, H

H(p) = f den Gy geyerte(%). (56)

The above integrals cannot be solved analytically, but the integrations can be performed numerically and
the solutions are plotted in Fig. 3. It shows that in GR the metric potentials are singular at p = a, as expected,
whereas in the non-local gravity model under investigation, the would-be ring singularity is regularized. Also
in this case, one can verify that all curvature invariants are non-singular in the entire spacetime and that the

Weyl tensor vanishes at r = 0 [23].

ERRUTCIEMATR AR, (ER] DIBUETTR, MRERHIFER 3 i, 85RER, WU, |~ St ies
JEMIBTE p = a o775, MEARSRFRIAEEIRG | RN, AN FERINRET R ENIE, R
TEIXANZEBIF, BAATRTARIEATE iR AL B NN EHEIET 7, HIVRKELE r = 0 ENZF
[23]o

Let us remark that the linearized regime holds as long as the conditions 2 |¢| < 1 and |hy;| < 1 are
satisfied. In particular, they are valid for any value of r if, neglecting constant factors of order one, Gmu < 1
and Gmu’wa® < 1, respectively [23]. From the last inequality, it is evident that the angular velocity w cannot
be too large; otherwise, the linear approximation would break down. Finally, the metric outside the source
was obtained using the multipole expansion also in [23], and the extension of this procedure for more general

form factors was carried out in [18].

TEVIHIE, HEEEM 2|0 < 1M |hy| <1, SMALIXIBULRGL, &2 —MEREF, 57
AR Gmu < 1M1 GmpPwa® < 11, ZEHEER r 8L (23], MG — DA% IHEA
H, AEE o NEEER, BMUEMIEMREN. &G, FINEMRZHIRITRIFEE SRR [23] 15
2, SR [18] SERX T I%TTIEN B — IR T HIHE
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Fig. 3 Behavior of the components —hy, = 2¢ and hy; ~ H as functions of the cylindrical radius p , for
the non-local gravity model (red line) and GR (blue line). For convenience, we have setu = 1,2Gm =1, and

a=1

B 398 —hoo = 29 Fll hy; ~ H BEFEEAR o IVARILR R, AR NIARRFS IR, LR X
EXE, RN, BATEET u=1,2Gm=1Ma=1

Mini Black Hole Formation by the Collapse of Null Shells

R A A U R

Up to this point, our considerations were restricted to linearized stationary configurations without hori-
zons. In this section, we discuss the collapse of small-mass spherical null shells. By small mass, we mean that
we continue to work with the linearized equations for the gravitational field. The interest in this scenario is

the possibility of the emergence of mini black holes.

FNONIE, FAHIRFFHER R T TSR ARSI, 2T, BATRITIE/ N R E 5
AIFgEE R, HACRY/ N R TRA M AR S T R R 5 1 137, IR —ERAIE AE TR
TR R = A AT T REMES

The gravitational field of a null shell can be built in the linearized limit using the superposition principle.
By boosting the weak-field potential y; of a static point-like mass, the gravitational field of an ultrarelativistic
particleis obtained, and taking a spherical superposition of such solutions, the linearized metric of a collapsing
null shell is constructed. The formalism we follow was introduced in [38], where it was applied to non-local
gravity with form factor f; (—k?) = exp (k?/u?) . It was later generalized to an arbitrary form factor f; (—k?*)
in [35] and applied to the case of local higher-derivative polynomial models in [35,40] .

27



TS5 7135 A] DAESAE AR IR T A BB A, @ f SRR RS9 ¢, 1T boost
SENIRERACR 19517157, B RRERIZEN, BIRTHE BT 728, 3
R AR R ZR B SR [38] $2H, SRR EN T A TR T f; (—k?) = exp (k*/u2) RIARRIER
51010 ZJERITTELE [35] HHHE BIERBIRRE T f (—k?), FFE [35,40] P T RG-S
B WA DL

One of the conclusions of Refs. [35, 38,40] is the existence of a mass gap to the formation of mini black
holes if f; (—kz) ~ k? for large enough k . The presence of a mass gap in higher-derivative gravity models is
known since the 1980s [36], and it means that a black hole can only be formed ifits mass is larger than a certain
critical value. This contrasts with GR, where any mass can become a black hole, provided it is concentrated
in a sufficiently small region. On top of that, the curvature invariants remain bounded at r = 0 for all theories
which f; (—kz) ~ k* (or faster) asymptotically, assuming that the collapsing shell has a finite thickness.

SCHR [35,38,40] FIGHIEZ —2: Y fi (—k?) ~ k> XERLRIERE) k I, GO SRTR A A7 A D2 TR B
= S | B A AR R AR — 2518 B 20 AT 80 AR AR [36], HE SRR EY
JREARTH G SHEN A FTRETE AR, X5 A o tb—AE) I, HE R
WERRTE R/ NI, (ERRE ] DUERCRIA, A, RS EEAR, T AT
TR f (—k?) ~ k* (BCEREER) LG, R AERLE r = 0 MIEEE R,

Ultrarelativistic Limit

A RN AR PR

As a first step toward the gravitational field of a collapsing shell, we consider the field associated with
an ultrarelativistic point-like particle, which can be obtained by the following procedure [35,38]. First, we
perform a Lorentz transformation of the metric (24) (with h; = 0),

YERNIF YRS | AN —, i1 BSOS SR AR, %37 n @ DL RS 5
F[35,38], B, TATHER QOGTRL h; = 0) B TIEIC 3L,

M

1
Vi-F

which yields the metric of a moving object with velocity § in the x -direction. Then, we consider the

t=y({'=px), x=y(x' = pt'), y = (57)

Penrose limit, i.e., we take 8 — 1 while keeping the relativistic mass

HIASZIT x 751 DORE B iasifv AR E M, BERTIE EZDHRR, BI< B - 1, FRRE
[ERULSINLERS NIl

M = lim (ym) (58)
y—o0

of the object fixed.

[
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Therefore, after applying the boost (57), one gets

Altt, M FH boost 284t (57) 5] 15

ds? = ds + ds?, (59)

where

=

ds3 = =2 du dv + dy? + dz? (60)

is the flat spacetime metric and

TR,

ds? = —M [(1 —B)’ dv? + (1 +B)’ duz] —(p—9¢)dudv

=21 (dy? + dz?) (61)

is the first-order perturbation. In the above formulas, we introduced the advanced and retarded null

coordinates:

N—Fit. BAME ER ARSI T ERTHIR T AL

v=t'+x,u=t —x'. (62)

The form of the flat metric (60) remains unchanged in the limit 8 — 1, while the perturbation goes to

1E B — I IRBRT, “FEEM (60) FITERREFAE, mitEN

ds = ®du?, where ® = —4 lim (y2y,). (63)
y—oo

Hence, the dominant contribution in the ultrarelativistic limit comes from the spin-2 combination of the
metric potentials, y, = (¢ + ) /2. This happens because, in this regime, the interaction between particles
and the gravitational field is similar to that of photons (see, e.g., [18,43]).

R, B IeARRR AP S TRk B EMBRIETE 2 HE 1, = (9 +9) /2. HIIX—Z5RAH
K2, X, K755 0778 B E AL TR0 ELOE R0 (= WBIan [18,43]).

The function @ can be evaluated through (63) by combining the heat kernel solution (41) for y, and Eq.
(58). Indeed, taking into account that after the boost r? = y?u? + y? + z?, it follows that
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BRI @ AIEIEE S, MRV (41) 530 (58), H (63) IHREMRE], I E, #E boost /51 E
rP=yul +y? + 22, HILAE

© —y2u?/as
® = —4G lim (ym) f th (s) e~ +2D)as 1y YO (64)
y=eo o S v~ \f4zs
Recalling that
e A NVSIBE

lim —— =6 (u) (65)

Eq. (64) can be written as

3 (64) AILAE 9
® = —4GMH (y* + z*) 6 (u), (66)
where we define
HABATE X
nz
HQ) = f B, (syess. (67)
0

Notice that in (67) it was introduced an infrared cutoff 7 for large s, because the integral in (64) typically
has an infrared divergence, owing to the massless nature of the graviton. As discussed in [38], any change in
the cutoff parameter can be absorbed into a redefinition of the coordinates. Observables, such as the curvature

tensors, do not depend on 7 .

EREIE (67) FBATAR s SIANTLLIMEMNT 1, XRENFIHFRIERER, (64) FHIRERF
FELLANE R, IEQNSCRR [38] FRITIERYT, #RIr ST ZE (L HS AT DA AR bR e SO, R K X
AT WL AT 1 o

The metric (63) generalizes, to higher-derivative gravity models, the Aichelburg-Sexl [5] solution in GR
for the gravitational field of an ultrarelativistic massive particle without angular momentum (non-spinning
gyraton). Furthermore, the extension of (63) to spinning objects can be found in [16]. (For more general con-
siderations on gyratons in non-local theories, see [51].) Finally, the solution (63) has been used in Ref. [37] to
study the black hole formation by the head-on collision of ultrarelativistic particles, with similar conclusions
about the existence of mass gap as the ones derived from the collapse of null shells - which we mentioned at

the beginning of the section and review in section "Example: Gaussian Form Factor™.
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JERL (63) Re ™ SCHH X 1€ A T A s 8 AR i AH DR 18 R0 &KL ¥ 51 0 37 B9 SRR G828 v i
[Aichelburg-Sexl, [5]] f# (AE B BERIGET) HE) 2] 7=l SEGIIERL, 1AL, (63) MHEHPIIAR
HETRIESCHR [16] FRERE], CRTREEEICH EE T E—BATie, SU[51]. ) &Ja, XK [37]
S FE (63) BFFE T IR AT IR TR A RIS R, HASZIR BB IR MRS 1, SBIME
ARFTFARE FHRAE Bl STIRE 7" — R F 746451 — .

Thin Null Shell Collapse

W

Following [35, 38], we first consider a shell with vanishing thickness. At the linearized level, the field
associated with a thin null shell, or § -shell, can be obtained by the continuous superposition of gyratons
(63) spherically distributed passing through one given point O [38]. This point is the vertex of the null cone
representing the shell, such that, for t < 0, the shell collapses toward the apex O and, for t > 0, it proceeds
its expansion after the collapse. The energy-momentum tensor Ty, associated with the shell is

T FSCHR (35, 38] RULAE, BATELHRERELTEN . ELMLER, #E5 (86 72) MM
A7 Pl OB N S 408 R O . BN AR HIFEIR T (63) IELLBINS ] [38], W BIERIZE
HERITIUR, RN T ¢ <0, ZZAUE O 48, XTt >0, RENEEREIK. 572K

RERENRIR T, K

M

Ty dxHdx? = e

[6 (v)dv? + 6 (u) du?]. (68)

It can be shown that, outside the shell, the averaged metric perturbation (ds?) resulting from this distri-

bution of non-spinning gyratons is given by [38]

FTDAER, TEFCANE, HIZARTT B BEREIR o i AL R PR MR (ds?) B RIGH [38]

(@) = =2Mpr (- ) (e L ar)

2GM 2 o2
[ r dQZ], r> |, (69)

while in its interior (in the region where r < |¢|), the spacetime is flat, (ds{) = 0. In (69), H (z) is defined

by (67), as given by the metric (63) associated with a single gyraton.

MTEFENER (r < | FTEXIR), W22 FER, Bl (dst) =0, R (69)H, H(z) I (67) EX, *t
[ BAASRESR T IR (63)o

The linearized Kretschmann scalar calculated with the metric (69) is

FEM (69) HEBRINLME ML E o 2mEN

2242
(waaﬁ)lin = %Q(g) > (70)
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Q) = 2[H" (OF +2H (OH" (O ¢+ [H QT (71)

where ¢ = r? — t? . In this case,(70) is singular at r = 0 in any higher-derivative model [35, 38,40] .

However, this singularity is a consequence of the nonphysical approximation of an infinitesimally thin shell.

Hrp¢=r—2, EHERT, EESEN SRR [35,38,40] H, X (70) 7£ r = 0 bHF R, HiZA
AUBTCIR RN S R

Thick Null Shell Collapse

JERAE5EH

The metric associated with a thick null shell can be built, in the linear regime, by superposing a set of §
-shells collapsing to the same spatial point O , which is taken as the origin of the coordinate system. Suppose
that the spherical collapsing null fluid is represented by a pulse with a finite time duration characterized by a

density function p (¢) . The total mass of the shell is

LM, ERE TN AT OB 80— 4 RIR —2H A 0 B 8 SeMIEMIsK, % RBOAR
PRARIE e BRI BRA MRIPHAE 20 2 P R o (o) TR A A BRAFERIN [RIPRIRRAE,  IZ2 A BT E

M = f dtp (t), (72)

and it collapses with the speed of light, shrinking to zero radius at the moment ¢ = 0. The corresponding
metric perturbation can be obtained by averaging the metric (69) of the thin null shells with respect to the
density p [38]:

COORYIE, (%) ¢ = 0 BT 1R, MRS OB RS0 (60) T
B o PHIIE [38];

(D) (.7 = f dt'p (()(dsD) (t = 1,7). (73)

Following [35, 38], we work with the simplest profile, assuming that the density p (¢) at r = 0 remains
constant during the collapse and that it is null before and after it, namely,

RBRSCIR [35, 381, el IRFIIRAET 09 M B0: H0LTET r = 0 MERISERE p (o) BRFFIEE, $3450AT
FHEAE, W

o, if |t| > 7/2,
f) = 74
PO )M/T,if—r/z<t<r/z, 9

where 7 is the thickness (or duration) of the shell. The distribution (74) defines specific spacetime do-
mains; see the detailed discussion in [38]. Here we restrict considerations to the I -domain (near the point
t = r = 0), characterized by the intersection of the incoming and the outgoing fluxes of null fluid. Formally,

it is defined as the locus of the spacetime points where r + |t| < /2. In [35,38,40] , it was proved that the
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non-singular source (74) suffices to regularize the Kretschmann scalar for theories with form factors such that
fs (=k?) ~ k* or faster for large k .

Horp o BoEHY R (BRFEEIN TR, 04T (74) T8 T REE I 22 DXIR, TRAIS e MUSTHR [38]0 A XA
POFIE T X GRILR ¢ = r = 0), ZXERRHER AN FRAEE S BT RAERAL, XL,
ECE VTR r+ |t] < 7/2 RIS S, SCHR [35,38,40] CIER, TR kR f (—k?) ~ k*
BRI PRATEARE BRI, ARAr IR (74) & DAENML e 3 A1 SFR &,

Taking into account that only the & -layers which cross O at timest’ € (¢t — r, t + r) contribute to the field
inside the I -domain, it is not difficult to verify that the metric is stationary there and that Eq. (73) yields [38]

FBERINAENZ ¢ € (t—r,t +1) Zd 0 1 6 B T XRS5k, A AERIEIZ X I
NERUERRTER, HHX (73) 7115 [38]

2GM drr 1 T
<<dS%>> = —7 Co dtz + 627 + E (Cor2 - Cz) dQZ ,r+ |t| < E, (75)

where

=

¢, (r) = f d¢&nH (r? — £2) (76)

and the function H (z) is defined in (67).

PRELH (z) R (67) 7€ X

Example: Gaussian Form Factor

ZN/IREY T2 NSRS

As an explicit example of the procedure outlined in this section, here we consider the case of the form
factor (20), namely, f; (—k*) = exp (k*/u?) , which was studied in [38]. The first step is to obtain the inverse
Laplace transform h, (s) , defined in (38), and then evaluate the function in (67). It is not difficult to show
that, in this case, h, (s) = =6 (s — u3?) (6 (x) is the Heaviside step function ) and

YERAT TR EN— N BRG], BATEA R SCHER [38] VIRt iIE L, BRI FEGER (20)
IR, MR f; (—k?) = exp (k?/u?) o SB—H /& R (38) & AL R T R by (s) , FF TR
(67) HHYRREL, AXEUER, TEAGIFAIF hy (s) = —0 (s — u3?) (6 (x) is the Heaviside step function )
, B

H () =In(¢/m*) + v + Ey (138/4), (77)

where yy is the Euler-Mascheroni constant and E; (x) is the exponential integral function.
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Hrdryp NWH- ST JEFEEL, E; (x) AR RE
Using (77), we get for (70)

MK (77), BATEEIK (70) HIZER:

3G2M2’u4§'2

2 _ 2 3

(Risag)yy = =5 +0(&%), (79)
showing that as the collapse of the thin null shell proceeds, the Kretschmann scalar diverges forr — 0.

On the other hand, if the shell has some thickness, the curvature gets regularized. Indeed, Egs. (76) and (77)

imply the small- r behavior for the components of the metric (75),

SRR, BEEMTIONMEHT, WERAEMEE r - 0 KL H—TiH, HRBAEEE,
MR SHOENIL, FEE, K (76) 5K (77) BR T EMD & (75) 15/ r FHATN:

B usr (420 — 21312 + u3r*) N
o= 1260

(79a)

B usrs (756 — 27u3r? + usr)
B 11340 Fe
so that we get for the Kretschmann invariant in the I -domain:

¢ (79b)

R BATIS 2] T XA e a2 AR R ISR

2a02,,4
lim (R2,,.) = 2O MU

b (R )i = 32 (50)

This shows that the curvature remains finite at r = 0 for the thick shell model.
XL, AT ERER RIE r = 0 MBRAHR,
Finally, let us discuss the mini black hole formation, which is related to the invariant

e, FAPRITIES T IANZE B AR IR )

1
(vr)’ = 28" Vs Vs s = gos. (81)

A curve in the tr -plane such that (Vr)2 = 0 is an apparent horizon. Using (75) and (79), one finds that,
to the leading order in M , this invariant in the I -domain is given by

1€ tr FEAIHE (Vi) = 0 FEIZRR RIS, FAIR (75) 1K (79) ATALBL, 1 M KRG
R, LRI I XIRIE Y

2Muar?

2
(Vr)" =1- -

(82)
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Since in this domain r < 7, we have

HTIZXBAWE r < o, BAE

(Vr) >1— 2Muit (83)

This relation means that, for a given u, and a fixed duration 7 of the pulse, the mini black hole does not
form if the mass M is small enough [38].

ERARM, NTEE u, MEEIRPRSIN T «, HiE M 2B/, NASTERREIRETE [38]

Toward the Non-linear Regime

JG LR TE X Ik

The presence of higher-derivative terms in the gravitational action makes the analysis of the complete
non-linear equations of motion a highly difficult task, and non-locality poses an extra obstacle, because of
the infinite-order derivatives. In particular, differently from the linear limit [where any higher-derivative
structure could be reduced to the form of the action (5)], the space of solutions of the complete field equations
depends on the terms that are actually in the action.

SUEH B EEEN SO, XA e ARSI 8 7T R AT ISR RE, T #ET
FI SR, ARRBIEER THNER ., SERERR (ERESH SBESEE AR EHE (5) 1Y
FE] AIE, e85 75 RERIE S MR T & b SEBRAE R A IR,

For example, if the Einstein-Hilbert action is enlarged only by the quadratic structures RF; ([(]) R and/or
R, F, (D) R#Y, the Ricci-flat solutions of GR are also vacuum solutions in the non-local model; however, if
the term quadratic in the Riemann tensor is included, then those Ricci-flat spacetimes are not solutions of
non-local gravity [60]. The stability of these type of solutions, imported from GR, was studied in [17, 29, 66]
and in [30] for theories constructed with form factors that are functions of the Lichnerowicz operator; ther-
modynamic aspects of these black holes were also discussed in [31, 65, 77, 78] .

iR, a0 SR A AR R (AR 2GR I —IRE548 RF, (O0) R F/BL R, F, (CD RHC, T SUHRIE
() B A S AR AR A E R R R 2 B2 (BARE AR KRN IR, ARAIXLEHEEH
I A B2 AR R [ IR [60] IXFRA SCHXHE S | NRURRRIEREME, T1E [17,29,66] AKX
BR [30] HERX HY B AR TR 4E R AT BB E N TIR R A9 IS R BRC T f TIFR;  IX 2 RIR R 221
JRAE [31, 65,77, 78] 1S EITIE,

It is worth noticing that this process of constructing solutions from the comparison with GR is not valid
in the whole spacetime, namely, it might not correctly reflect the interaction between gravity and the matter
source. For instance, while the static Schwarzschild solution in GR can be associated with a Dirac delta
source (see, e.g., [7]), non-locality and higher derivatives induce a smearing of the delta source at linear level
[14,27,37,41, 54, 60, 61, 74] (see also section "Resolution of Point-Like Singularities”), and their effect might
be able to regularize the singularity.
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ERERENR, XAE R SCHE IR LA S R 77 5 A 2 =S oz, WEk2tl, &
Al RETCIRIE R RS 1 5 Y BRI B A BLVE Fo AN, T SOME G 18 AR A i 285 52 B P g i DA
XREKHLSE 8 TR (S WBIANSCER [7]), HIERBER &R SRS TR AKEX § JRBEATIRER
[14,27,37,41, 54,60, 61, 74] (AT UL “ A& QAR —77), BEAIRERAEOFRENS IERNIEFT Ko

Since exact static black hole solutions in non-local gravity with matter sources are still an open problem,
some insights were obtained from the linearized limit (as discussed above, in this chapter) and also from a non-
linear approximation of the field equations, which we describe in what follows. To this end, let us consider
the models of the type (19), i.e., with form factors F, ((0) = —2F; ((J) , so that f, (=k?) = f,(=k?) = /@
. Because of this specific form of the higher-derivative sector, the form factor gets factored together with the

Einstein tensor in the field equations [61,79], namely,

TR RIE 1, R A SR A 2 — NTF IR, A (T ELE R LR (i
ARERGAIZ DR 7 AR AR IS T — SR, TR FORK IR T/ 2R, I,
I8 (19) R IIBT, BRI T B () = —2F, (00) , B fy (—k2) = o (-K2) = & O
o TR SRS AR, TR T2 5 BE IR R — R4 R 7R [61,79],
i

e"GH, + O(R%)) = 8nGTH,. (84)

In the works [8,9,42, 61, 62,79] , the approximated version of this equation was considered, in the form

TERR5R [8,9,42,61,62,79] 1, WAREZE TiZFEANELIER, 1

GH, = 8nGTH,, (85)

where

5

TH, = e "OTH, (86)

is an effective energy-momentum tensor.
ek = B =N
EHURER SR IKE,

Equation (85) can be regarded as an approximation of (84) by discarding the terms O (Rz) of higher order
in curvatures. Furthermore, taking the d’ Alembertian in (86) in its flat-spacetime form, for a point-like source
Too = m&® (¥) , we get

7712 (85) FTHUMIEI Z 2l 0 (R2) BTSN (84) ELL WA, HT AU Ty = ms® (7)
44 (86) HEGBE VR BATION T BN 20, SfTATe

m . ksin (kr)

2mr J er(-k2) @7

Too = pefrs Where pe (r) =
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just like the expression (33). Alternatively, the truncations in the original equations (84) and (87) might
be compensated by imposing the conservation of the effective energy-momentum tensor, i.e., VMT“V =0
[61]. This leads to the introduction of the effective radial (p,) and tangential (pg) pressures in the energy-

momentum tensor:

HFRIEIN (33) —8, B, JFEUTHE (84) FI (87) FRHTHERITIR 22 A] DUEIS ZOR A U RE B 3h Bk & ~1E
KA, RV, TH, =o0[61], XMTEERRZBKEDTINGRIZM (p,) FYIH (po) FEHR:

TH, = diag (—pesr Pr» Po» Po) - (88)

In this spirit, generalizations of the Schwarzschild solution were obtained by using the metric ansatz

FEIOX— B, BB AR RS2 T B R R T

2
ds? = —A(r)de? + % +r2 dQ2. (89)

(See [42] for considerations on static spherically symmetric solutions in a more general form.) Then,

making the redefinition

CRT B —BIE A RIESEROS FRIERT e 2 WK [42]). FlJE, T EE X

A =1-24"0 (90)
and substituting the above expressions into (85), one obtains the equations
FR ERFRANA (85), AITGTiHE
dm
T = Anr’p g = —4nr’p, (91)
dp, _ 2 (Pr + perr) dA
7 = Pe—P) - (92)
which are solved by
HigHh
reg
Pr = —Petts Po = —Peii = — (93)
and
il
,
m(r) = 4r f dxx?peg (). (94)
0

Notice that m (r) is the same mass function as the one defined in (35).
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WBER, m@) 253K (35) HE AR BT R L
For the Gaussian form factor (20), the solution is the same as the one obtained in [63, 67] , namely,

T EETEARE T (20), HMSTE [63,67] HIFEIRIZEFAAR, H:

AGm (3 u*r? dr?
2 _ 2 2 2
ds _—[1— r\/7_ry(§,—4 )]dt +1_4Gm (2 M2r2)+r do?, (95)
W=\

where y (a, x) is the lower incomplete gamma function, or in terms of the error function,

Hiy (a,x) B LMD EL, 5 RIREREZRNN:

3 uir? 1 ur 2,2
e [t T —ulré/a
7(2, 2 Z[ﬁerf(z) ure ] (96)
Like the case discussed in section "Example: Gaussian Form Factor,” there exists a mass gap for this
solution to describe a black hole. In fact, if

S/ R BRI T A IHERIEDIRY, SRR R AT £ — PR R, Kk, AR

M2
m < 1.97", (97)

(we denote 1/G = M3 ) the invariant (Vr)2 = A (r) is always positive and the metric does not have any
horizon [67]. On the other hand, for values of m larger than this critical mass, the solution displays two

horizons. These features are shown in Fig. 4, where we plot the graph of A (r) for the two scenarios.

G 1/G = M2 ) FB& (Vr)’ = A(r) REENIE, ERAFEEEMNS [67), B—7H, 4 m W
BHRTZIGFFRER, @EEN MU, XERMEIE 4 For, FOTEEAFZSH] T HAER T A )
HE 5,
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A(r)

- T

Fig. 4 Plot of A (r) for © = Mp = 1 in two situations. In blue line, with m = 2.5 (larger than the critical
mass), the metric has two horizons at r_ = 1.87 and r, = 4.67 . In red line, with m = 1.4 (smaller than the

critical mass), the metric has no horizon

Bl 4 AEOLT, S u =M, =11 A®r) B, Bk, Y m=25(KTIRAER) N, ERE
ro =187 M r, = 4.67 EEM MG, LELH, Y m=14 (D TIEFRFAE) N, EESEEMSR

In what concerns the regularity of the solution, it is straightforward to verify that the metric (95) is regular,

as well as the related curvature invariants [63,67]. This is expected, for the metric has a de Sitter core:

KT MREIIENITE, FHERIERE R (95) MHASCHR AL B IEN) [63,67] IXFFE T, FAZ
J& B BATER/R X

Gmu’r?
W

Moreover, since the components of (95) are even analytic functions of r , it follows that all its local

Ar)=1+

+0(r"). (98)

curvature-derivative invariants are finite [27,44].
AN, 1T (95) I B2k T r BEMEATER R, R EPTA RS R SR R E A RRAY [27,44],

Similar solutions were obtained in the cases of more general exponential form factors (21) of the type
f(=k?) = exp (kz/u)n , and it was shown that for larger n , the solutions can have more than two horizons
[79]. The possibility of having multi-horizon black holes also occurs in the case of the Kuz’min-Tomboulis

form factor (22), as numerically shown in [61,79].
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Concluding Remarks

SR

In this chapter, we reviewed linearized metric solutions in both stationary and dynamical scenarios. In
the former case, we analyzed static and rotating spacetimes and showed that non-locality can regularize point-
like and ringlike singularities. In the latter scenario, we showed that regularized mini black hole solutions
can be found and that the formation of an apparent horizon can be avoided as long as the mass of the object
is smaller than some critical value set by the scale of non-locality. Furthermore, we discussed an attempt
toward finding full non-linear solutions and showed that regular solutions can be obtained by working with

some simplified field equations.

AR, BRI SN R PR EMR, FEERT, Mo 7Sk =,
FFUERAAR R T DA M SRFIERIRE e sATR =, BATIERAA] DS ZE L B RR IR R,
HERA DT AR R ERE BIGTYE, wia] DU RIS . toh, AL T K
EARLRMERER — R, FFUERAI S T (ki 75 /2 Al DAS 2 E N,

Understanding the physics of non-locality at the full non-linear level remains one of the most outstanding
open questions in the context of ghost-free non-local theories of gravity. In fact, it is still not entirely clear
whether singularities can be really avoided in the non-linear regime or whether a horizon can form. Indeed,
it has also been argued that non-locality could prevent the formation of a horizon, for any value of the mass, in
such a way that black holes could be replaced by ultracompact horizonless objects in some non-local gravity
models [19,52], although a rigorous proof of this statement is still lacking.

B EE B AR R, (3R RAEREG | e REHETR A —. FHEE,
BRI AEEIE A RAE SRR X A IE WO 2, SORMARES TR, Mt AMAINN, 1
XRARRIERG T A BRI Al DOSHE R R AEARPE (- S A, R R TR S A B0 ToAil 57t
RIKER [19,52], REZELIHEZ A IER,

Providing definite answers to these questions is challenging but at the same time very important and
stimulating. Future investigations and new ideas to solve infinite-derivative non-linear differential equations
are surely needed. In fact, finding a full non-linear black hole-like solution can place non-local gravity on
firmer ground and lay the foundation for future phenomenological studies in astrophysics, e.g., in the con-
text of binary mergers and gravitational waves, and thus offer a new scenario where non-local extensions of

Einstein’s GR can be tested and constrained.

40



IR R RS R E A PRRE, RINB 2R S ANRE, BAITTCEREFREARRITREE ZH
F, TRHRORICIR S RARLIEM TR B, FL b, $RERdFL MR AT DO R
TSI AE SR b, VAR R B ERIMER DTS (FLANXCRTH &5 51 AR DTT) 28
TEFEA, MEMTHR A — AT DA IR AN HZ R H T SRR R /I R BHT 5=

Acknowledgments Nordita is supported in part by NordForsk.

B ALY FRIF 2 T (Nordita) 152! NordForsk FY#E53 % B,

References

25k

1. G. ’t Hooft, M.J.G. Veltman, One loop divergencies in the theory of gravitation. Ann. Inst. H. Poincare
Phys. Theor. A 20, 69 (1974)

2. S. Abel, L. Buoninfante, A. Mazumdar, Nonlocal gravity with worldline inversion symmetry. J. High
Energy Phys. 2001, 003 (2020). arXiv:1911.06697

3. A. Accioly, A. Azeredo, H. Mukai, Propagator, tree-level unitarity and effective nonrelativistic potential
for higher-derivative gravity theories in D dimensions. J. Math. Phys. 43, 473 (2002)

4. A. Accioly, B.L. Giacchini, I.L. Shapiro, Low-energy effects in a higher-derivative gravity model with
real and complex massive poles. Phys. Rev. D 96, 104004 (2017). arXiv:1610.05260

5. P. Aichelburg, R. Sexl, On the gravitational field of a massless particle. Gen. Rel. Grav. 2, 303 (1971)

6. M. Asorey, J.L. Lépez, I.L. Shapiro, Some remarks on high derivative quantum gravity. Int. J. Mod.
Phys. A 12, 5711 (1997). arXiv:hep-th/9610006

7. H. Balasin, H. Nachbagauer, The energy-momentum tensor of a black hole, or what curves the Schwarzschild
geometry?. Class. Quant. Grav. 10, 2271 (1993). arXiv:gr-qc/9305009

8. C. Bambi, D. Malafarina, L. Modesto, Terminating black holes in asymptotically free quantum gravity.
Eur. Phys. J. C 74, 2767 (2014). arXiv:1306.1668

9. C. Bambi, D. Malafarina, L. Modesto, Black supernovae and black holes in non-local gravity. J. High
Energy Phys. 04, 147 (2016). arXiv:1603.09592

10. K.J. Barnes, Lagrangian theory for the second-rank tensor field. J. Math. Phys. 6, 788 (1965)

11. T. Biswas, A. Mazumdar, W. Siegel, Bouncing universes in string-inspired gravity. J. Cosmol. As-
tropart. Phys. 03, 009 (2006). arXiv:hep-th/0508194

12. T. Biswas, T. Koivisto, A. Mazumdar, Towards a resolution of the cosmological singularity in non-local
higher derivative theories of gravity. J. Cosmol. Astropart. Phys. 11, 008 (2010). arXiv:1005.0590

13. T. Biswas, E. Gerwick, T. Koivisto, A. Mazumdar, Towards singularity and ghost free theories of
gravity. Phys. Rev. Lett. 108, 031101 (2012). arXiv:1110.5249

14. J. Boos, Gravitational Friedel oscillations in higher-derivative and infinite-derivative gravity?. Int. J.
Mod. Phys. D 27, 1847022 (2018). arXiv:1804.00225

15. J. Boos, V.P. Frolov, A. Zelnikov, Gravitational field of static p -branes in linearized ghost-free gravity.
Phys. Rev. D 97, 084021 (2018). arXiv:1802.09573

16. J. Boos, J. Pinedo Soto, V.P. Frolov, Ultrarelativistic spinning objects in nonlocal ghost-free gravity.
Phys. Rev. D 101, 124065 (2020). arXiv:2004.07420

41



17. F. Briscese, G. Calcagni, L. Modesto, Nonlinear stability in nonlocal gravity. Phys. Rev. D 99, 084041
(2019). arXiv:1901.03267

18. L. Buoninfante, B.L. Giacchini, Light bending by a slowly rotating source in quadratic theories of
gravity. Phys. Rev. D 102, 024020 (2020). arXiv:2005.05355

19. L. Buoninfante, A. Mazumdar, Nonlocal star as a blackhole mimicker. Phys. Rev. D 100, 024031
(2019). arXiv:1903.01542

20. L. Buoninfante, A.S. Koshelev, G. Lambiase, A. Mazumdar, Classical properties of nonlocal, ghost-
and singularity-free gravity. J. Cosmol. Astropart. Phys. 1809, 034 (2018). arXiv:1802.00399

21. L. Buoninfante, A.S. Koshelev, G. Lambiase, J. Marto, A. Mazumdar, Conformally-flat, nonsingular
static metric in infinite derivative gravity. J. Cosmol. Astropart. Phys. 1806, 014 (2018). arXiv:1804.08195

22. L. Buoninfante, G. Harmsen, S. Maheshwari, A. Mazumdar, Non-singular metric for an electrically
charged point-source in ghost-free infinite derivative gravity. Phys. Rev. D 98, 084009 (2018). arXiv:1804.09624

23. L. Buoninfante, A.S. Cornell, G. Harmsen, A.S. Koshelev, G. Lambiase, J. Marto, A. Mazum-dar,
Towards nonsingular rotating compact object in ghost-free infinite derivative gravity. Phys. Rev. D 98, 084041
(2018). arXiv:1807.08896

24. L. Buoninfante, G. Lambiase, A. Mazumdar, Ghost-free infinite derivative quantum field theory.
Nucl. Phys. B 944, 114646 (2019). arXiv:1805.03559

25. L. Buoninfante, G. Lambiase, M. Yamaguchi, Nonlocal generalization of Galilean theories and gravity.
Phys. Rev. D 100, 026019 (2019). arXiv:1812.10105

26. L. Buoninfante, G. Lambiase, Y. Miyashita, W. Takebe, M. Yamaguchi, Generalized ghost-free prop-
agators in nonlocal field theories. Phys. Rev. D 101, 084019 (2020). arXiv:2001.07830

27. N. Burzilla, B.L. Giacchini, T. de Paula Netto, L. Modesto, Higher-order regularity in local and non-
local quantum gravity. Eur. Phys. J. C 81, 462 (2021). arXiv:2012.11829

28. N. Burzilla, B.L. Giacchini, T. de Paula Netto, L. Modesto, Newtonian potential in higher-derivative
quantum gravity. Phys. Rev. D 103, 064080 (2021). arXiv:2012.06254

29. G. Calcagni, L. Modesto, Stability of Schwarzschild singularity in non-local gravity. Phys. Lett. B 773,
596 (2017). arXiv:1707.01119

30. G. Calcagni, L. Modesto, Y.S. Myung, Black-hole stability in non-local gravity. Phys. Lett. B 783, 19
(2018). arXiv:1803.08388

31. A. Conroy, A. Mazumdar, A. Teimouri, Wald entropy for ghost-free, infinite derivative theories of
gravity. Phys. Rev. Lett. 114, 201101 (2015); [Erratum: Phys. Rev. Lett. 120, 039901 (2018)]. arXiv:1503.05568

32. A. de la Cruz-Dombriz, F.J. Maldonado Torralba, A. Mazumdar, Nonsingular and ghost-free infinite
derivative gravity with torsion. Phys. Rev. D 99, 104021 (2019). arXiv:1812.04037

33. S. Deser, A.N. Redlich, String induced gravity and ghost freedom. Phys. Lett. B 176, 350 (1986)

34. J. Edholm, A.S. Koshelev, A. Mazumdar, Behavior of the Newtonian potential for ghost-free gravity
and singularity-free gravity. Phys. Rev. D 94, 104033 (2016). arXiv:1604.01989

35. V.P. Frolov, Mass-gap for black hole formation in higher derivative and ghost free gravity. Phys. Rev.
Lett. 115, 051102 (2015). arXiv:1505.00492

36. V.P. Frolov, G.A. Vilkovisky, Spherically symmetric collapse in quantum gravity. Phys. Lett. B 106,
307 (1981)

37. V.P. Frolov, A. Zelnikov, Head-on collision of ultrarelativistic particles in ghost-free theories of gravity.
Phys. Rev. D 93, 064048 (2016). arXiv:1509.03336

38. V.P. Frolov, A. Zelnikov, T. de Paula Netto, Spherical collapse of small masses in the ghost-free gravity.
J. High Energy Phys. 1506, 107 (2015). arXiv:1504.00412

42



39. B.L. Giacchini, On the cancellation of Newtonian singularities in higher-derivative gravity. Phys.
Lett. B 766, 306 (2017). arXiv:1609.05432

40. B.L. Giacchini, T. de Paula Netto, Weak-field limit and regular solutions in polynomial higher-
derivative gravities. Eur. Phys. J. C 79, 217 (2019). arXiv:1806.05664

41. B.L. Giacchini, T. de Paula Netto, Effective delta sources and regularity in higher-derivative and
ghost-free gravity. J. Cosmol. Astropart. Phys. 1907, 013 (2019). arXiv:1809.05907

42. B.L. Giacchini, T. de Paula Netto, Regular black holes from higher-derivative effective delta sources,
in Regular Black Holes: Towards a New Paradigm of Gravitational Collapse, ed. by C. Bambi (Springer, Sin-
gapore, 2023)

43. B.L. Giacchini, I.L. Shapiro, Light bending in F [g ((]) R] extended gravity theories. Phys. Lett. B
780, 54 (2018). arXiv:1801.08630

44. B.L. Giacchini, T. de Paula Netto, L. Modesto, Action principle selection of regular black holes. Phys.
Rev. D 104, 084072 (2021). arXiv:2105.00300

45. M.H. Goroff, A. Sagnotti, Quantum gravity at two loops. Phys. Lett. B 160, 81 (1985)

46. S.W. Hawking, G.F.R. Ellis, The Large Scale Structure of Space-Time (Cambridge University Press,
Cambridge, 2011)

47. C. Heredia, I. Kolaf, J. Llosa, F.J.M. Torralba, A. Mazumdar, Infinite-derivative linearized gravity in
convolutional form. Class. Quant. Grav. 39, 085001 (2022). arXiv:2112.05397

48. E. Kilicarslan, Weak field limit of infinite derivative gravity. Phys. Rev. D 98, 064048 (2018).
arXiv:1808.00266

49. 1. Kolat, Nonlocal scalar fields in static spacetimes via heat kernels. Phys. Rev. D 105, 084026 (2022).
arXiv:2201.09908

50. I. Kolaf, A. Mazumdar, NUT charge in linearized infinite derivative gravity. Phys. Rev. D 101, 124005
(2020). arXiv:2004.07613

51. I. Kolaf, T. Malek, S. Dengiz, E. Kilicarslan, Exact gyratons in higher and infinite derivative gravity.
Phys. Rev. D 105, 044018 (2022). arXiv:2107.11884

52. A.S. Koshelev, A. Mazumdar, Do massive compact objects without event horizon exist in infinite
derivative gravity?. Phys. Rev. D 96, 084069 (2017). arXiv:1707.00273

53. A.S.Koshelev, L. Modesto, L. Rachwal, A.A. Starobinsky, Occurrence of exact R? inflation in non-local
UV-complete gravity. J. High Energy Phys. 11, 067 (2016). arXiv:1604.03127

54. A.S. Koshelev, J. Marto, A. Mazumdar, Schwarzschild 1/r-singularity is not permissible in ghost free
quadratic curvature infinite derivative gravity. Phys. Rev. D 98, 064023 (2018). arXiv:1803.00309

55. A.S. Koshelev, K. Sravan Kumar, A.A. Starobinsky, R? inflation to probe non-perturbative quantum
gravity. J. High Energy Phys. 03, 071 (2018). arXiv:1711.08864

56. A.S. Koshelev, K. Sravan Kumar, A. Mazumdar, A.A. Starobinsky, Non-Gaussianities and tensor-to-
scalar ratio in non-local R? -like inflation. J. High Energy Phys. 06,152 (2020). arXiv:2003.00629

57. A.S. Koshelev, K. Sravan Kumar, A.A. Starobinsky, Analytic infinite derivative gravity, R? -like infla-
tion, quantum gravity and CMB. Int. J. Mod. Phys. D 29, 2043018 (2020). arXiv:2005.09550

58. N.V. Krasnikov, Nonlocal gauge theories. Theor. Math. Phys. 73, 1184 (1987); [Teor. Mat. Fiz. 73,
235(1987)]

59. Yu.V. Kuz’'min, Finite nonlocal gravity. Sov. J. Nucl. Phys. 50, 1011 (1989); [Yad. Fiz. 50, 1630 (1989)]

60. Y.D. Li, L. Modesto, L. Rachwal, Exact solutions and spacetime singularities in nonlocal gravity. J.
High Energy Phys. 12, 173 (2015). arXiv:1506.08619

61. L. Modesto, Super-renormalizable quantum gravity. Phys. Rev. D 86, 044005 (2012). arXiv:1107.2403

43



62. L. Modesto, Super-renormalizable multidimensional gravity: theory and applications. Astron. Rev.
8, 4 (2013). arXiv:1202.3151

63. L. Modesto, J.W. Moffat, P. Nicolini, Black holes in an ultraviolet complete quantum gravity. Phys.
Lett. B 695, 397 (2011). arXiv:1010.0680

64. L. Modesto, T. de Paula Netto, I.L. Shapiro, On Newtonian singularities in higher derivative gravity
models. J. High Energy Phys. 1504, 098 (2015). arXiv:1412.0740

65. Y.S. Myung, Entropy of a black hole in infinite-derivative gravity. Phys. Rev. D 95, 106003 (2017).
arXiv:1702.00915

66. Y.S. Myung, Y.J. Park, Stability issues of black hole in non-local gravity. Phys. Lett. B 779, 342 (2018).
arXiv:1711.06411

67. P. Nicolini, A. Smailagic, E. Spallucci, Noncommutative geometry inspired Schwarzschild black hole.
Phys. Lett. B 632, 547 (2006). arXiv:gr-qc/0510112

68. A. Pais, G.E. Uhlenbeck, On field theories with nonlocalized action. Phys. Rev. 79, 145 (1950)

69. R.J. Rivers, Lagrangian theory for neutral massive spin-2 fields. Nuovo Cimento 34, 386 (1964)

70. W. Siegel, Stringy gravity at short distances (2003). arXiv:hep-th/0309093

71. K.S. Stelle, Renormalization of higher-derivative quantum gravity. Phys. Rev. D 16, 953 (1977)

72. P. Teyssandier, Linearised R + R? gravity: a new gauge and new solutions. Class. Quantum Grav. 6,
219 (1989)

73. E.T. Tomboulis, Superrenormalizable gauge and gravitational theories (1997). arXiv: hep-th/9702146

74. A.A. Tseytlin, On singularities of spherically symmetric backgrounds in string theory. Phys. Lett. B
363, 223 (1995). arXiv:hep-th/9509050

75. P. Van Nieuwenhuizen, On ghost-free tensor Lagrangians and linearised gravitation. Nucl. Phys.
B60, 478 (1973)

76. C.M. Will, Theory and Experiment in Gravitational Physics (Cambridge University Press, Cambridge,
2018)

77. Y. Xiao, L. Zhang, Charged black holes in the infinite derivative theory of gravity. Commun. Theor.
Phys. 74, 015401 (2022)

78. Y. Xiao, Y. Chen, H. Feng, C. Zhu, Black hole solutions and thermodynamics in the infinite derivative
theory of gravity. Phys. Rev. D 103, 044064 (2021)

79. Y. Zhang, Y. Zhu, L. Modesto, C. Bambi, Can static regular black holes form from gravitational col-
lapse?. Eur. Phys. J. C 75, 96 (2015). arXiv:1404.4770

44



